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ON EXTREMAL CONTRACTIONS FROM THREEFOLDS
TO SURFACES:
THE CASE OF ONE NON-GORENSTEIN POINT
YURI G. PROKHOROV
In Memoriam: Professor Wei-Liang Chow
Abstract. Let f : X → S be an extremal contraction from a threefold
with only terminal singularities to a surface. We study local analytic
structure such contractions near degenerate fiber C in the case when C
is irreducible and X has on C only one non-Gorenstein point.
Introduction
Let V be a non-singular algebraic projective threefold over C of Kodaira
dimension κ(V ) = −∞. It follows from the Minimal Model Program that
V is birationally equivalent to an algebraic projective threefold X with only
terminal Q-factorial singularities and with a fiber space structure f : X → S
over a lower dimensional variety S such that −KX is f -ample and relative
Picard number of X/S is one. Thus, at least in principle, one can reduce the
problem of studying birational structure of V to studying structure of S and
the fiber space X/S. In the present paper we investigate the local structure
of X/S near singular fibers in the case dim(S) = 2. In this situation it is
easy to see that a general fiber is a conic in P2. We will work in the analytic
situation.
Definition 0.1. Let (X,C) be a germ of a three-dimensional complex space
along a compact reduced curve C and let (S, 0) be a germ of a two-
dimensional normal complex space. Suppose that X has at worst terminal
singularities. Then we say that a proper morphism f : (X,C) → (S, 0) is a
Mori conic bundle if
(i) (f−1(0))red = C;
(ii) f∗OX = OS ;
(iii) −KX is ample.
The following conjecture is interesting for applications of Sarkisov pro-
gram to the rationality problem for conic bundles [6], [5] or studying of
Q-Fano threefolds with extremal contractions onto a surface [17].
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Conjecture 0.2. Let f : (X,C) → (S, 0) be a Mori conic bundle. Then
(S, 0) is a DuVal singularity of type An.
It was proved in [3] that if X is Gorenstein, then (S, 0) is non-singular
and f : (X,C) → (S, 0) is a ”usual” conic bundle, i. e. there exists an
embedding (X,C) ⊂ P2 × (S, 0) such that all the fibers of f are conics in
P2. Earlier [18] (see also [19]) we classified all Mori conic bundles containing
only points of indices ≤ 2. In this case (S, 0) is non-singular or DuVal of
type A1. In general, Conjecture 0.2 follows from the following special case
of Reid’s general elephant conjecture (see [16], [17]).
Conjecture 0.3. Let f : (X,C)→ (S, 0) be a Mori conic bundle. Then the
linear system | −KX | contains a divisor having only DuVal singularities.
It can be generalized as follows.
Conjecture 0.4. Let f : (X,C)→ (S, 0) be a Mori conic bundle. Then for
any n ∈ N the following holds
(∗n) There exists a divisor D ∈ | − nKX | such that KX +
1
nD is log-
terminal.
(Note that 0.4 (∗1) is equivalent to 0.3).
By [7, Theorem 4.5], for every threefold X with terminal singular-
ities there exists a projective bimeromorphic morphism q : Xq → X
called Q-factorialization of X such that Xq has only terminal Q-factorial
along q−1(C) singularities and q is an isomorphism in codimension 1. If
f : (X,C) → (S, 0) is a Mori conic bundle, then applying the Minimal
Model Program to Xq over (S, 0) we obtain a new Mori conic bundle
f ′ : (X ′, C ′) → (S, 0) over the same base surface S and ρ(X ′, C ′)/(S, 0)=1.
In particular C ′ is irreducible by Corollary 1.1.1. Therefore it is sufficient
to prove Conjecture 0.2 assuming that C is irreducible.
In the this paper we will study Mori conic bundles f : (X,C)→ (S, 0) with
irreducible central fiber. In this situation X contains at most three singular
points (Corollary 2.7). Arguments similar to [14, 0.4.13.3] show also that
X can contain at most two non-Gorenstein points [17]. Our results concern
only the case when X contains only one non-Gorenstein singular point. It
will be proved in this case (Theorem 4.1) that the point (S, 0) may be either
non-singular or DuVal of type A1 or A3. We also show that either (∗1) or
(∗2) hold and give a classification if (S, 0) is singular. Our main tool will be
Mori’s technique [14].
Acknowledgments. I would like to acknowledge discussions that I had on
this subject with Professors V.I. Iskovskikh, V.V. Shokurov and M. Reid. I
have been working on this problem at Max-Planck Institut fu¨r Mathematik
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1. Preliminary results
The following is a consequence of the Kawamata-Viehweg vanishing the-
orem (see [15, §4], [8, 1-2-5]).
Theorem 1.1. Let f : (X,C) → (S, 0) be a Mori conic bundle. Then
Rif∗OX = 0, i > 0.

Corollary 1.1.1. (cf. [14, (1.2)-(1.3)]) Let f : (X,C) → (S, 0) be a Mori
conic bundle. Then
(i) For an arbitrary ideal I such that Supp(OX/I) ⊂ C we have,
H1(OX/I) = 0.
(ii) The fiber C is a tree of non-singular rational curves (i. e. pa(C
′) ≤ 0
for any subcurve C ′ ⊂ C).
(iii) If C has ρ irreducible components, then
Pic(X) ≃ H2(C,Z) ≃ Z⊕ρ.

1.2. Terminal singularities. Let (X,P ) be a terminal singularity of index
m ≥ 1 and let π : (X♯, P ♯)→ (X,P ) be the canonical cover. Then (X♯, P ♯)
is a terminal singularity of index 1 and (X,P ) ≃ (X♯, P ♯)/Zm. It is known
(see [20]) that (X♯, P ♯) is a hypersurface singularity, i. e. there exist an Zm-
equivariant embedding (X♯, P ♯) ⊂ (C4, 0). Fix a character χ that generates
Hom(Zm,C
∗). For Zm-semi-invariant z define weight wt(z) as an integer
defined mod m such that
wt(z) ≡ a mod m iff ζ(z) = χ(ζ)a · z for all ζ ∈ Zm.
Theorem 1.2.1. (see [13], [21]) In notations of 1.2 (X♯, P ♯) is analyti-
cally Zm-isomorphic to a hypersurface φ = 0 in (C
4
x1,x2,x3,x4 , 0) such that
x1, x2, x3, x4 are semi-invariants and we have one of the following two se-
ries:
(i) (the main series) wt(x1, x2, x3, x4;φ) ≡ (a,−a, b, 0; 0) mod m, or
(ii) (the exceptional case) m = 4 and wt(x1, x2, x3, x4;φ) ≡ (a,−a, b, 2; 2)
mod 4,
where a, b are integers prime to m.
Note that in case (i) the variety X♯ can be non-singular. In this situation
(X,P ) ≃ (C3, 0)/Zm(a,−a, b). Such singularities are called terminal cyclic
quotient singularities and denoted also by 1m (a,−a, b).
Theorem 1.2.2. (see [21]) Let (X,P ) be a germ of terminal singularity.
Then a general member F ∈ | −KX | has only DuVal singularity (at P ).
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1.2.3. Terminal singularities can be classified in terms of a general member
F ∈ | − KX | and its preimage F
♯ : = π−1(F ) under the canonical cover
π : X♯ → X [21]:
index type cover F ♯ → F
the main series
m cA/m Ak−1
m:1
−→ Akm−1
2 cAx/2 A2k−1
2:1
−→ Dk+2
2 cD/2 Dk+1
2:1
−→ D2k
3 cD/3 D4
3:1
−→ E6
2 cE/2 E6
2:1
−→ E7
the exceptional case
4 cAx/4 A2k−2
4:1
−→ D2k+1
Cyclic quotient singularities are included in type cA/m.
Definition 1.2.4. Let X be a normal variety and Cl(X) be its Weil divisor
class group. The subgroup of Cl(X) consisting of Weil divisor classes which
are Q-Cartier is called the semi-Cartier divisor class group. We denote it
by Clsc(X).
Theorem 1.2.5. (see [20],[7]) Let (X,P ) be a germ of 3-dimensional singu-
larity. Then Clsc(X,P ) ≃ Zm and it is generated by the class of KX . More-
over the local fundamental group of (X,P ) is cyclic: π1(X − {P}) ≃ Zm.
Definition 1.2.6. Let (S, 0) be a two-dimensional log-terminal singular-
ity. It is well known (see [7]) that (S, 0) is a quotient singularity, i. e.
(S, 0) ≃ (C2, 0)/G, where G ⊂ GL(2,C) is a finite subgroup without quasi-
reflections. The natural cover (C2, 0) → (S, 0) we call the topological cover
and the order of G we call the topological index of (S, 0).
The following is an easy consequence of 1.2.
Lemma 1.2.7. Let (X,P ) be a germ of a terminal threefold singularity of
index m > 1 and (F,P ) ⊂ (X,P ) be a germ of irreducible surface. Assume
that F is Q-Cartier and (F,P ) is DuVal with topological index n.
(i) Then n is divisible by m.
(ii) Moreover if n = m, then (X,P ) is a cyclic quotient singularity and
(F,P ) is of type Am−1.
Proof. Let F ♯ := π−1(F ). The divisor F ♯ is Cartier on X♯, because point
(X♯, P ♯) is terminal of index 1 (see [7, Lemma 5.1]). On the other hand
F ♯ is non-singular outside P ♯. Therefore F ♯ is irreducible and normal. The
cover F ♯ → F is e´tale outside P . Hence the topological cover of (F,P )
can be facorized through F ♯ → F . This proves (i). In conditions (ii) F ♯ is
non-singular and so is X♯.
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Proposition 1.3. (see [14]) Let (X,P ) be a germ of terminal singularity
of index m, (C,P ) ⊂ (X,P ) be a germ of smooth curve and π : (X♯, P ♯)→
(X,P ) be the canonical cover and C♯ := (π−1(C))red. Then
(i) for an arbitrary ξ ∈ Clsc(X,P ), there exists an effective (Weil) divisor
D such that [D] = ξ and Supp(D) ∩C = {P}.
(ii) ξ → (D · C)P induces a homomorphism
cl(C,P ) : Clsc(X,P )→
1
m
Z/Z ⊂ Q/Z.

Definition 1.4. (see [14]) Let things be as in 1.3. X ⊃ C is called (locally)
imprimitive at P of splitting degree d if cl(C,P ) : Clsc(X,P ) → 1mZ/Z is
not an isomorphism and the order of Ker(cl(C,P )) is equal d. The order of
Coker(cl(C,P )) is called the subindex of P and usually denoted by m¯. (Note
that m¯d = m). If cl(C,P ) : Clsc(X,P )→ 1mZ/Z is an isomorphism, then P
is said to be (locally) primitive. In this case we put d = 1, m¯ = m.
In the situation above the preimage C♯ := π−1(C) under the canonical
cover π : X♯ → X has exactly d irreducible components.
1.5. Construction, [14]. Let f : (X,C ≃ P1) → (S, 0) be a Mori conic
bundle with irreducible central fiber and let P ∈ X be a point of index
m > 1. Assume that (X,C) is imprimitive of splitting degree d at P . Take
an effective Cartier divisor H such that H ∩ C is a smooth point of X
and (H · C) = 1 and take an effective Weil Q-Cartier divisor D such that
D∩C = {P} and D is a generator of Clsc(X,P ) (see 1.3). Then the divisor
D := (m/d)D − ((mD · C)/d)H
is a d-torsion element in Clsc(X,C). It defines a finite Galois Zd-morphism
g♭ : X ′ → X such that P ′ := g′−1(P ) is one point, g′ is e´tale over X − {P}
(hence X ′ has only terminal singularities), index of (X ′, P ′) is equal to
m/d, C ′ := (g′−1(C))red is a union of d P
1’s meeting only at P ′, and each
irreducible component of C ′ is primitive at P ′.
2. Local invariants wP and iP
In this section we following Mori [14] introduce numerical invariants wP
and iP . There is nothing new in this section. The material is contained only
for convenience of the reader.
2.1. Let X be a normal three-dimensional complex space with only termi-
nal singularities and let C ⊂ X be a reduced non-singular curve. Denote
by IC the ideal sheaf of C and ωX := OX(KX). As in [14], we consider the
following sheaves on C:
gr0Cω := torsion-free part of ωX/(ICωX),
gr1CO := torsion-free part of IC/I
2
C .
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Since C is non-singular, we have
ωX/(ICωX) = gr
0
Cω ⊕ Tors, IC/I
2
C = gr
1
CO ⊕ Tors .
2.2. Let m be the index of X. The natural map
(ωX ⊗OC)
⊗m → OC(mKX)
induces an injection
β : (gr0Cω)
⊗m → OC(mKX).
Denote
wP := (lengthP Coker β)/m.
Note that if f : (X,C ≃ P1)→ (S, 0) is a Mori conic bundle, then deg gr0Cω <
0, (because degOC(mKX) < 0).
2.3. We also have the natural map
gr1CO × gr
1
CO × ωC −−−→ ωX ⊗OC → gr
0
Cω,
x× y × zdt −−−→ zdx ∧ dy ∧ dt
that induces a map
α : ∧2 (gr1CO)⊗ ωC → gr
0
Cω.
Let
iP := lengthP Coker(α).
Note that iP = 0 if X is smooth at P .
Lemma 2.3.1. ([14, 2.15]) If (X,P ) is singular, then iP ≥ 1.

Example 2.4. Let (X,P ) be a cyclic quotient of type 1/m¯(1,−1, m¯+1) (m¯
is even) and let π : (C3x1,x2,x3 , 0) → (X,P ) be its canonical cover. Consider
the curve C♯ := {x3 = x
2
2 − x
2m¯−2
1 = 0} ⊂ C
3. This curve has exactly
two components C♯(1), C♯(2) = {x3 = x2 ± x
m¯−1
1 = 0} permuted under the
action of Z2m¯. Thus the image C := π(C
♯) is a smooth irreducible curve,
X is locally imprimitive along C with splitting degree 2. The curve C is
naturally isomorphic to C♯(1)/Zm¯ and a local uniformizing parameter on C
is xm¯1 . It is easy to see that
(i) OC,P ≃ C{x
m¯
1 }.
(ii) OC(mKX) ≃ OC(dx1 ∧ dx2 ∧ dx3)
m, gr0Cω ≃ OC(x
m¯−1
1 x1 ∧
dx2 ∧ dx3)
m.
(iii) gr1CO ≃ OC(x
m¯−1
1 x3)⊕OC(x
2
1(x
2
2 − x
2m¯−2
1 )).
(iv) wP = (m¯− 1)/m¯, ip = 2.
From definitions we have
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Proposition 2.5. If C ≃ P1, then
deg gr1CO = 2 + deg gr
0
Cω −
∑
P
iP ,
(KX · C) = deg gr
0
Cω +
∑
P
wP .

Proposition 2.6. Let f : (X,C ≃ P1) → (S, 0) be a Mori conic bundle.
Then
deg gr1CO ≥ −2.
Proof. Consider the exact sequence
0→ IC/I
2
C → OX/I
2
C → OC → 0.
By Corollary 1.1.1 H1(OX/I
2
C) = 0 and since H
0(OX/I
2
C) → H
0(OC) is
onto, we have H1(IC/I
2
C) = 0. Hence H
1(gr1CO) = 0. It gives us our
assertion.
Corollary 2.6.1. Let f : (X,C ≃ P1) → (S, 0) be a Mori conic bundle.
Then
(−KX · C) +
∑
wP +
∑
iP ≤ 4.
Remark. In the case of flipping contraction we always have deg gr0Cω = −1
(see [14]) but in our situation of Mori conic bundles there are examples
(e. g. 4.1.2 (i)) with deg gr0Cω = −2. Nevertheless it is easy to see from
2.5 and 2.6 that −1 ≥ deg gr0Cω ≥ −3. J. Kolla´r observe also that from
vanishing R1f∗OX(KX +H) = 0 for any ample Cartier divisor H, we have
deg gr0Cω = −1 or −2.
Corollary 2.7. Let f : (X,C ≃ P1)→ (S, 0) be a Mori conic bundle. Then
(X,C) contains at most three singular points.
Proof. It follows from Corollary 2.6.1 and Lemma 2.3.1.
As in [14] we need the following construction to compute invariants wP and
iP locally.
2.8. Let (X,P ) be a terminal point of index m and let C ⊂ (X,P ) be
a smooth curve. Let π : (X♯, P ♯) → (X,P ) be the canonical cover and
C♯ := (π−1(C))red. We suppose that (X,P ) has splitting degree d along
C and subindex m¯ (i. e. C♯ has exactly d components and m = m¯d). By
1.2, there exists an Zm-equivariant embedding X
♯ ⊂ C4. Let φ = 0 be an
equation of X♯ in C4.
Let C♯1 be an irreducible component of C
♯. For z ∈ OX♯ we define ord(z)
as the order of vanishing of z on the normalization of C♯1. It is easy to see
that ord(z) does not depend on our choice of a component C♯1, if z is a
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semi-invariant. All the values ord(z) form a semigroup which is denoted by
ord(C♯). Obviously the ”coordinate” values ord(x1), . . . , ord(x4) generate
ord(C♯).
Proposition-Definition 2.8.1. By [14], one can choose a coordinate sys-
tem x1, x2, x3, x4 in C
4 and a character χ : Zm → C
∗ such that the following
conditions hold.
(i) Coordinates x1, x2, x3, x4 are semi-invariants with weights satisfying
1.2.1.
(ii) ord(xi) ≡ wt(xi) mod m¯ for all i = 1, 2, 3, 4.
(iii) Each component of C♯ is parameterized as
xi = χ(g)
wt(xi)tord(xi), i = 1, 2, 3, 4, g ∈ Zm/Zm¯.
(iv) Normalizedness property. For any i = 1, 2, 3, 4 there is no semi-
invariants y such that wt(y) ≡ wt(xi) mod m and ord(y) < ord(xi).
In particular ord(xi) <∞ for all i.
(v) There exists an invariant function z on X♯ such that ord(z) = m¯.
In particular in the case of the main series one has ord(x4) = m¯,
wt(x4) ≡ 0 mod m.
Such a coordinate system is said to be normalized. Note that we still may
permute x1, x2 and may replace a character χ with χ
′ if χ′ ≡ χ mod m¯.

Proposition 2.9. (see [14, 2.10]) Under the notations and conditions 2.8.1
one has
wP = min{ord(ψ) | ψ ∈ OX♯,P ♯, wt(ψ) ≡ −wt(x3) mod m}.

Proposition 2.10. (cf. [14, 0.4.14.2]) Let F ∈ | − K(X,P )| be a general
member. Then in a normalized coordinate system we have (F · C)P =
ord(x3)/m¯.

Proposition 2.11. (see [14, 2.12]) Under the notations of 2.8.1, one has
iP m¯ = m¯− ord(x4)− m¯wP + min
φ1,φ2∈J
♯
0
[φ, φ1, φ2],
where J ♯0 is the invariant part of the ideal sheaf J
♯ of C♯ in C4, φ is an
equation of X♯ in C4 and
[ψ1, ψ2, ψ3] := ord ∂(ψ1, ψ2, ψ3)/∂(x1, x2, x3).
is the Jacobian determinant.

By semi-additivity of [ , , ] and because x4φ ∈ J
♯
0, we have
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Corollary 2.11.1. (see [14, (2.15.1)]) In notations above
iP m¯ ≥ −m¯wP + min
ψ1,ψ2,ψ3∈J
♯
0
[φ1, φ2, φ3].

2.11.2. It is clear that the ideal J ♯0 is generated by invariants of the form
ψ−xn4 where ψ is an invariant monomial with ord(ψ) = ord(x
n
4 ) = nm¯. Thus
we can assume in 2.11.1 that φi = ψi − x
ni
4 , for i = 1, 2, 3, where each ψi is
an invariant monomial in x1, x2, x3. For any element ψ = x
b1
1 x
b2
2 x
b3
3 x
b4
4 − x
n
4
define the vector ex4(ψ) ∈ Z
3 by ex4(ψ) = (b1, b2, b3).
Lemma 2.11.3. (see [14, 2.14]) Let ψ1, ψ2, ψ3 be as in 2.11.2. Then
[ψ1, ψ2, ψ3] =


∑3
i=1 ord(ψi)−
∑3
i=1 ord(xi) if ex4(ψi), i = 1, 2, 3
are independent,
∞ otherwise.

An invariant monomial ψ in x1, x2, x3 is said to be simple if it cannot be
presented as a product of two non-constant invariant monomials.
Corollary 2.11.4. (see [14, proof of 2.15]) Under the notations and condi-
tions of 2.8.1 for some simple different invariant monomials ψ1, ψ2, ψ3 in
x1, x2, x3 we have
(∗)
m¯iP ≥ (ord(ψ1)− ord(x1)) + (ord(ψ2)− ord(x2))+
(ord(ψ3)− ord(x3)− m¯wP ).
Moreover up to permutations ψ1, ψ2, ψ3 we may assume that ψi = xiνi,
where νi, i = 1, 2, 3 also are monomials. In particular, all three terms in the
formula are non-negative and
(∗∗) m¯iP ≥ ord(ν1) + ord(ν2) + ord(ν3)− m¯wP .

3. Easy lemmas
3.1. Construction. Let f : (X,C) → (S, 0) be a Mori conic bundle. As-
sume that (S, 0) is singular. Then (S, 0) is a log-terminal point (see e. g. [11]
or [4]) and the topological cover h : (S♭, 0) ≃ (C2, 0) → (S, 0) is non-trivial.
Let X♭ be the normalization of X×S S
♭ and G = Gal(S♭/S). Then we have
the diagram
X♭
g
−−−→ X
f♭
y fy
S♭
h
−−−→ S
The group G acts on X♭ and clearly X = X♭/G. Since the action of G on
S♭ −{0} is free, so is the action of G on X♭ −C♭, where C♭ := (f ♭
−1
(0))red.
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Therefore X♭ has only terminal singularities and the induced action of G
on X♭ is free outside of a finite set of points (see e. g. [2, 6.7]). Since
KX♭ = g
∗(KX), f
♭ : (X♭, C♭) → (S♭, 0) is a Mori conic bundle with non-
singular base surface.
As an easy consequence of the construction above and 1.2.5 we have
Proposition 3.2. (see [16], [17], [10]) Let f : (X,C) → (S, 0) be a Mori
conic bundle. Then (S, 0) is a cyclic quotient singularity.
Corollary 3.3. Let f : (X,C)→ (S, 0) be a Mori conic bundle and let T be
the torsion part of the Weil divisor class group Cl(X). Then
(i) T is a cyclic group,
(ii) the topological index of (S, 0) is equal to the order of T .
In particular, (S, 0) is non-singular iff T = 0.
Proof. Consider the diagram from 3.1. We claim that Cl(X♭) is torsion-free.
Indeed in the opposite case there is a finite e´tale in codimension 1 cover
X ′ → X♭ and then it must be e´tale outside finite number singular points on
C♭. One can take the Stein factorization X ′ → S′ → S♭. Then S′ → S♭ will
be e´tale outside 0. This contradicts smoothness of S♭. Therefore Cl(X♭) is
torsion-free and X♭ → X is the maximal abelian cover of X. It gives us
T ≃ Zn, where n is the topological index of (S, 0).
Proposition 3.4. Let f : (X,C ≃ P1) → (S, 0) be a Mori conic bundle
with irreducible central fiber. Suppose that the point (S, 0) is singular of
topological index n > 1. Then for f ♭ : (X♭, C♭)→ (S♭, 0) of 3.1 we have the
following two possibilities.
(i) (primitive case) C♭ is irreducible, X has at least two non-Gorenstein
points.
(ii) (imprimitive case) C♭ has d > 1 irreducible components, they all pass
through one point P ♭ and they do not intersect elsewhere. If in this
case m♭ is the index of P ♭ and n is the topological index of (S, 0), then
the index of the point g(P ) ∈ X is equal to nm♭.
Proof. If C♭ is irreducible, then the action of G ≃ Zn on C
♭ ≃ P1 has
exactly two fixed points P ♭1 and P
♭
2 . Their images g(P
♭
1 ) and g(P
♭
2 ) are
points of indices > 1. Assume that C♭ is reducible. Then G ≃ Zn acts on
components {C♭i } of C
♭ transitively. Since ∪C♭i is a tree, ∩C
♭
i is a point and
this point must be fixed under G-action. The rest is obvious.
Corollary 3.5. Let f : (X,C ≃ P1) → (S, 0) be a Mori conic bundle with
irreducible central fiber. Assume that X contains only one non-Gorenstein
point P . Then the following conditions are equivalent
(i) (S, 0) is singular of topological index n,
(ii) C is locally imprimitive (see 1.4) at P of splitting degree n.
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Lemma 3.6. Let f : (X,C ≃ P1)→ (S, 0) be a minimal Mori conic bundle.
Assume that f is imprimitive of splitting degree d. Then d is even.
Proof. Consider the base change 3.1. Then f ♭ : (X♭, C♭)→ (S♭, 0) is a Mori
conic bundle with ρ(X♭) = d. Since −KX♭ is f
♭-ample, the Mori cone
NE((X♭, C♭)/(S♭, 0)) ⊂ Rρ is generated by classes of C♭1, . . . , C
♭
d. Thus
each C♭i generates an extremal ray Ri and NE((X
♭, C♭)/(S♭, 0)) ⊂ Rρ is
simplicial. The contraction of each extremal face of NE((X,C)/(S, 0)) gives
us an extremal neighborhood in the sence of [14] (not necessary flipping).
As in the introduction we apply the Minimal Model Program to (X♭, C♭)
over (S♭, 0):
(X♭, C♭)
p
−− → (Y,L)
ց ւ
(S♭, 0)
Here (Y,L) → (S♭, 0) is a Mori conic bundle with ρ(Y, S♭) = 1. Then the
map p contracts at least d − 1 divisors. Let E be a proper transforms one
of them on X♭. Since f ♭ is flat Γ := f ♭(E) is a curve on S♭. Moreover for a
general point s ∈ Γ the preimage f ♭
−1
(s) is a reducible conic, so f ♭
−1
(s) =
ℓ1 + ℓ2. Therefore f
♭−1(Γ) has exactly two irreducible components E ⊃ ℓ1
and E′ ⊃ ℓ2. Consider the orbit {E = E1, E2, . . . , Ek} of E under the action
of Zd. Obviously, every f
♭(Ei) is a curve on S
♭. We have
∑
Ei ∼ aKX♭ for
some a ∈ Q because Zd-invariant part of Pic(X
♭) ⊗ Q is Pic(X) ⊗ Q ≃ Q.
But for a general fiber ℓ := f ♭
−1
(s), over s ∈ S♭ we have (ℓ ·
∑
Ei) = 0,
(ℓ ·KX♭) < 0, so a = 0, and
∑
Ei ∼ 0. Further (ℓ1 ·E) < 0, (ℓ1 ·E
′) > 0. It
gives us (ℓ1 ·Ei) > 0 for some Ei ∈ {E = E1, E2, . . . , Ek}. Then E
′ = Ei, i. e.
there exists σ ∈ Zd such that σ(E) = E
′. From the symmetry we get that
the orbit {E = E1, E2, . . . , Ek} may be divided into couples of divisors Ej,
E′j such that f
♭(Ej) = f
♭(E′j) is a curve. Thus both k and d are even.
Lemma 3.7. Let f : (X,C ≃ P1) → (S, 0) be a Mori conic bundle with
irreducible central fiber and with a unique point P of index m > 1. Assume
that P is an imprimitive of subindex m¯ and splitting degree d (so m = m¯d).
Then
(i) 2m¯ ≡ 0mod d,
(ii) (−KX · C) = 1/m¯.
Corollary 3.7.1. In conditions 3.7, m¯ ≥ d/2. In particular, if d ≥ 3, then
m¯ > 1.
Proof. Again consider the base change 3.1. Terminal singularities are ratio-
nal and therefore Cohen-Macaulay [9]. By [12, Theorem 23.1], f ♭ is flat. Let
X♭s be a general fiber of f
♭. Then X♭s ≡ nC
♭ for some n ∈ N. We have
2 = (−KX♭ ·X
♭
s) = n(−KX♭ ·C
♭) = n(−KX♭ ·
∑
C♭(i)) = nd(−KX♭ ·C
♭(1)).
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It is clear that (−KX♭ ·C
♭(1)) ∈ 1m¯Z because −m¯KX♭ is Cartier. If (−KX♭ ·
C♭(1)) = δ/m¯ for some δ ∈ N, then 2 = ndδ/m¯ or equivalently 2m¯ = ndδ.
This proves (i). Since every (X♭, C(i)) is a primitive extremal neighborhood
and −KX♭ is a generator of Cl
sc(X♭, P ♭) ≃ Zm¯, (δ, m¯) = 1. Thus δ = 1
by Lemma 3.6. On the other hand, (−KX · C) = (−KX♭ · C
♭(1)) = δ/m¯,
because KX♭ = g
∗(−KX). The rest is obvious.
Using Lemma 2.10 we obtain.
Corollary 3.7.2. Let f : (X,C ≃ P1) → (S, 0) be a Mori conic bundle.
Assume that (S, 0) is singular and X contains the only one non-Gorenstein
point P . Then in notations of 2.8.1 one has ord(x3) ≡ 1 mod m¯.

The following construction explains why Conjecture (∗2) can be useful for
studying Mori conic bundles.
3.8. Construction (double cover trick [7]). Let f : (X,C) → (S, 0) be
a Mori conic bundle and let D ∈ | − 2KX | be a general member. Assume
that KX+1/2D is log-terminal (i. e. (∗2) holds). Then there exists a double
cover h : Y → X with ramification divisor D such that Y has only canonical
Gorenstein singularities (see [7, 8.5]). Thus we have two morphisms
Y
h
−→ X
f
−→ S.
By the Hurwitz formula, KY = h
∗(KX + 1/2D) = 0. Therefore the compo-
sition map g : Y → S gives us an elliptic fiber space structure on Y .
4. The main result
The main result of this section is the following
Theorem 4.1. Let f : (X,C ≃ P1) → (S, 0) be a Mori conic bundle with
only one non-Gorenstein point P . Then one of the following holds
4.1.1. (S, 0) is non-singular.
4.1.2. (S, 0) is a DuVal point of type A1 and splitting degree of P is 2 and
X contains at most one more singular (Gorenstein) point. There are the
following subcases:
(i) (cf. [18], [19]) f : (X,C) → (S, 0) is a quotient of a conic bundle
f ♭ : (X♭, C♭) → (C2, 0) by Z2, P is the only singular point. In some
coordinate system (x, y, z;u, v) in P2×C2 the variety X♭ can be defined
by the equation
x2 + y2 + ψ(u, v)z2 = 0, ψ(u, v) ∈ C{u, v},
where ψ(u, v) has no multiple factors and consists only of monomials
of even degree. Here X♭ → C2 is the natural projection and the action
of Z2 has the form
u→ −u, v → −v, x→ −x, y → y, z → z.
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Moreover
(a) if mult(0,0) ψ(u, v) = 2, then (X,P ) is of type cA/2,
(b) if mult(0,0) ψ(u, v) ≥ 4, then (X,P ) is of type cAx/2.
(ii) (X,P ) is of type cAx/4, more precisely
(X,P ) ≃ ({y21 − y
2
2 + y3ϕ3 + y4ϕ4 = 0}/Z4(1, 3, 3, 2),
C = {y21 − y
2
2 = y3 = y4 = 0})/Z4,
where ϕ3, ϕ4 are semi-invariants with weights
wt(ϕ3) ≡ 3 mod 4, wt(ϕ4) ≡ 0 mod 4
(this is a point of type II∨ in Mori’s classification [14] ).
(iii) (X,P ) is the cyclic quotient singularity C3/Z4(1, 3, 1) and
C = {y21 − y
2
2 = y3 = 0}/Z4.
(iv) m¯ is even and ≥ 4, (X,P ) is the cyclic quotient singularity
C3/Z2m¯(1,−1, m¯ + 1)
C = {y22 − y
2m¯−2
1 = y3 = 0} ∋ 0)/Z2m¯
(this is a point of type IC∨ in [14], see also example 2.4).
(v) m¯ is even, (X,P ) is of type cA/m, where m = 2m¯. More precisely
(X,P ) ≃ {y1y2 + y2ϕ1 + y3ϕ2 + (y
2
4 − y
2m¯
1 )ϕ3 = 0}/Z2m¯(1,−1, m¯ + 1, 0)
and
C = {y2 = y3 = y
2
4 − y
2m¯
1 = 0}/Z2m¯,
where ϕi, i = 1, 2, 3 are semi-invariants with weights
wt(ϕ1, ϕ2, ϕ3) ≡ (1, m¯− 1, 0) mod 2m¯.
4.1.3. (S, 0) is a DuVal point of type A3, (X,P ) is a cyclic quotient singu-
larity of type C3/Z8(a,−a, 1), splitting degree of P is 4 and X has no other
singular points. There are two subcases
(i) a = 1, C = {y41 − y
4
2 = y3 = 0}/Z8,
(ii) a = 3, C = {y22 − y
2
3 = y2y3 − y
2
1 = 0}/Z8.
Remark 4.2. We will show that in 4.1.2, 4.1.3 a general member of | −KX |
does not contain C except 4.1.2 (iv), (v). In these two cases Conjecture (∗2)
holds. Using the same arguments one can prove that in 4.1.1 at least one
of Conjectures (∗1), (∗2) or (∗3) holds. More precise results for the case of
non-singular base surface will be published elsewhere.
Before starting the proof we consider examples of Mori conic bundles such
as in 4.1.2 (ii), (iii) and 4.1.3. Unfortunately I don’t know examples of Mori
conic bundles as in 4.1.2 (iv) or (v).
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Example 4.3. Let Y ⊂ P3x,y,z,t × C
2
u,v be a non-singular subvariety given
by the equations {
xy = ut2
(x+ y + z)z = vt2
It is easy to check that Y is non-singular. The projection g : Y → C2 gives
us an elliptic fibration whose fibers are intersections of two quadrics in P3.
The special fiber g−1(0) is the union of four lines meeting at one point
Q := {(x, y, z, t;u, v) = (0, 0, 0, 1; 0, 0)}. Consider also the following action
of Z8 on Y :
x→ ε−3z, y → ε(x+ y + z), z → −εy, t→ t,
u→ ε−2v, v → −ε2u,
where ε := exp(2πi/8). Then a generator of Z8 has only one fixed point Q
and the quotient (Y,Q) is terminal of type 18(1,−1, 3). The locus of fixed
point for Z2 ⊂ Z8 consists of the point Q and the divisor B := {t = 0} ∩ Y .
Let h : Y → Y ′ := Y/Z2 be the quotient morphism. By the Hurwitz formula
0 = KY = h
∗KY ′ +B, hence h
∗(−KY ′) = B. Therefore −KY ′ is ample over
C2 and Y ′ → C2 is a Mori conic bundle with singular point h(Q) of type
1
2(1, 1, 1) and reducible central fiber. Note that
g : Y
h
−→ X
f
−→ S.
is the double cover trick 3.8. Further the induced action Z4 = Z8/Z2 on
Y ′ is free outside point h(Q) and permutes components of the central fiber.
Therefore the anticanonical divisor of X := Y ′/Z4 is ample over C
2/Z4 and
the central fiber of the projection X → C2/Z4 is irreducible. Finally we
obtain the Mori conic bundle X := Y/Z8 → C
2/Z4 such as in 4.1.3. The
diagram
Y ′ −−−→ X
f ′
y fy
C2 −−−→ C2/Z4
is exactly as in the construction 3.1.
Example 4.4. Let Y ⊂ P3x,y,z,t × C
2
u,v is given by the equations{
xy = ut2
z2 = u(x2 + y2) + vt2
Consider the action of Z4 on Y :
x→ y, y → −x, z → iz, t→ t, u→ −u, v → −v.
As above X := Y/Z4 → C
2/Z2 is a Mori conic bundle such as in 4.1.2 (iii)
with unique singular point of type 14(1, 1, 3)
